Abstract. An action selector for a symplectic manifold (M, ω) associates with each compactly supported Hamiltonian function H on M an action value of H in a suitable way. Action selectors are known to exist for a broad class of symplectic manifolds. We show how the existence of an action selector leads to sharp energy capacity inequalities between the Gromov width, the Hofer-Zehnder capacity, and the displacement energy. We also obtain sharp lower bounds for the smallest action of a closed characteristic on contact type hypersurfaces.
Introduction and main results
Consider an arbitrary symplectic manifold (M, ω). We set I = [0, 1] and denote, for each subset A of M , by H(I × A) the set of smooth functions H : I × M → Ê whose support is compact and contained in I × Int A. We abbreviate H = H(I × M ), and denote by H(A) the set of those functions Date: February 24, 2008 . This work is supported in part by the Swiss National Science Foundation (UF), the US National Science Foundation and the UCSC faculty research funds (VG), and the Deutsche Forschungsgemeinschaft (FS).
in H(I × A) which do not depend on t ∈ I. The Hamiltonian vector field of H ∈ H defined by (1) ω (X Ht , ·) = −dH t (·) generates a flow ϕ t H with time-1-map ϕ H . For H ∈ H, the set of contractible 1-periodic orbits of ϕ t H is denoted P • (H). Given x ∈ P • (H), let D(x) be the set of smooth discsx : D 2 = {z ∈ | |z| ≤ 1} → M satisfyingx(e it ) = x(t). We shall identify the mapx with its oriented image and write x ω = D 2 (x) * ω. For H ∈ H, the action functional A H on P • (H) = {(x,x) | x ∈ P • (H),x ∈ D(x)} is defined as
H (t, x(t)) dt, and its action spectrum is
Note that for a ∈ Σ • (H) the set a + ω(π 2 (M )) also belongs to Σ • (H). As a consequence, Σ • (H) need not be closed and is dense in Ê if ω(π 2 (M )) is dense. For H ∈ H we abbreviate
and we recall that for H, K ∈ H the composition ϕ H • ϕ K is generated by (H#K) (t, x) = H(t, x) + K t, ϕ t H −1 (x) .
We say that a Hamiltonian H ∈ H(M ) is simple and write H ∈ S(M ) if (P1) H ≥ 0, (P2) H| U = max H for some open non-empty set U ⊂ M , (P3) the only critical values of H are 0 and max H. We emphasize that simple Hamiltonians are, as is clear from (P3), "normalized" to have minimum equal to 0. Furthermore, we say that H ∈ S(M ) is Hofer-Zehnder admissible and write H ∈ S • HZ (M ) if the flow ϕ t H has no non-constant, contractible in M , T -periodic orbit with period T ≤ 1.
1.1.
Axioms for an action selector. A weak action selector σ for (M, ω) is a map σ : H → Ê satisfying the following axioms.
(AS1) σ(H) ∈ Σ • (H) for all H ∈ H; (AS2) σ(H) > 0 for all H ∈ S(M ) with H ≥ 0 and H = 0; (AS3) σ(H) ≤ E + (H) for all H ∈ H; (AS4) σ is continuous with respect to the C 0 -topology on H; (AS5) σ (H#K) ≤ σ(H) + E + (K) for all H, K ∈ H. An action selector σ for (M, ω) is a weak action selector which in addition to (AS2) satisfies (AS2 + ) σ(H) = max H for all H ∈ S • HZ (M ).
A symplectic manifold (M, ω) is called weakly exact if [ω] vanishes on π 2 (M ).
Remark 1.1. If (M, ω) is weakly exact, a weak action selector for (M, ω) is an action selector for (M, ω).
Proof. Given H ∈ S • HZ (M ) on a weakly exact symplectic manifold (M, ω), we have Σ • (H) = {0, max H}, and hence axioms (AS1) and (AS2) imply σ(H) = max H. 2 Remark 1.2. If σ is an action selector for (M, ω), then (AS3) is a consequence of the other axioms.
Proof. Axioms (AS5) and (AS2 + ) applied to H = 0 yield
An exhaustion of a symplectic manifold (M, ω) is an increasing sequence of submanifolds M i ⊂ M exhausting M , that is,
By a (weak) action selector for an exhaustion (M i ) of (M, ω) we mean a collection σ i of (weak) action selectors for (M i , ω). A (weak) action selector for (M, ω) restricts to a (weak) action selector for any of its exhaustions, but it is unclear whether every (weak) action selector for an exhaustion of (M, ω) fits together to a (weak) action selector for (M, ω).
Examples of (weak) action selectors.
1. Ê 2n , ω 0 . Let ω 0 = i dq i ∧ dp i be the standard symplectic form on Ê 2n . Action selectors σ V and σ HZ for (Ê 2n , ω 0 ) have been constructed by Viterbo in [37] and by Hofer and Zehnder in [18, 22] . 2. Weakly exact closed symplectic manifolds. After work on selectorlike invariants for standard cotangent bundles over a closed base by Oh [28, 29] , an action selector σ PSS was constructed for weakly exact closed symplectic manifolds by Schwarz in [36] by making use of the PiunikhinSalamon-Schwarz isomorphism. Examples of such manifolds are (products of) closed surfaces of positive genus. 3. Weakly exact convex symplectic manifolds. A compact symplectic manifold (M, ω) with boundary ∂M is said to be convex if there exists a Liouville vector field X (i.e., L X ω = dι X ω ! = ω) which is defined near ∂M and is everywhere transverse to ∂M , pointing outwards. A non-compact symplectic manifold (M, ω) is convex if it admits an exhaustion by compact convex submanifolds. Examples of weakly exact convex symplectic manifolds are cotangent bundles (T * B, ω 0 ) over a closed base B endowed with the standard symplectic form ω 0 = i dq i ∧ dp i , and unit-ball bundles therein, and, more generally, Stein manifolds and Stein domains. Other examples are twisted cotangent bundles over closed orientable surfaces of genus at least 2, see [8, 10] . Building on [36] and [39] , an action selector σ PSS for (exhaustions of) weakly exact convex symplectic manifolds was constructed in [8] . 4. Semi-positive closed symplectic manifolds. A 2n-dimensional symplectic manifold (M, ω) is semi-positive if it satisfies one of the following conditions. (SP1) ω(A) = λ c 1 (A) for every A ∈ π 2 (M ) where λ ≥ 0; (SP2) c 1 (A) = 0 for every A ∈ π 2 (M ); (SP3) the minimal Chern number N ≥ 0 defined by c 1 (π 2 (M )) = N is at least n − 1. Here, c 1 = c 1 (ω) is the first Chern class of any almost complex structure on T M compatible with ω, see [26, Section 4.1] . Examples are symplectic manifolds of dimension ≤ 4, complex Grassmannians, and Calabi-Yau manifolds. A symplectic manifold (M, ω) is rational if ω (π 2 (M )) is a discrete subset of Ê. The action selector σ PSS from [36] for weakly exact closed symplectic manifolds has been extended to a weak action selector σ PSS for closed rational semi-positive symplectic manifolds in [27] . 5. Arbitrary closed symplectic manifolds. An action selector σ Oh for arbitrary closed symplectic manifolds was constructed by Oh in [30, 31, 32] .
3 Remarks 1.3. 1. In view of the existence of the action selector σ Oh , our concept of a weak action selector appears to be superfluous. The verification of (AS2 + ) for σ Oh is, however, difficult already for semi-positive closed symplectic manifolds. We thus find it interesting to see which results can be formally derived from the existence of a weak action selector. 2. We have chosen a minimal set of axioms for a (weak) action selector required for its applications that we have in mind: The existence of a (weak) action selector for a given symplectic manifold will imply Theorems 1 and 2 below. The selector-like invariants constructed in [28, 29] and the (weak) action selectors σ V , σ HZ , σ PSS and σ Oh have many further properties, and they lead to many other results in Hamiltonian dynamics [8, 11, 22, 28, 29, 31, 32, 34, 36, 37] as well as to some insight into the algebraic structure of the groups of compactly supported Hamiltonian and symplectic diffeomorphisms [6, 7, 9, 34] . An example of an additional property is sub-additivity:
This, together with (AS3), is stronger than the axiom (AS5) which is sufficient for our purposes. Sub-additivity holds for the selectors σ V , σ PSS and σ Oh , but has not been established for σ HZ . An additional property shared by all known (weak) action selectors and useful for intuition is the monotonicity property σ(H) ≤ σ(K) for all H, K ∈ H with H ≤ K.
Open Problems 1.4. 1. It is not known whether every (exhaustion of a non-compact) symplectic manifold admits a (weak) action selector. The simplest symplectic manifold for which no weak action selector has yet been constructed is the exact semi-positive symplectic manifold T * S 2 , ω 0 + π * σ , where σ is a closed but non-exact 2-form on S 2 . 2. Is every weak action selector an action selector? 3. Do axioms (AS1)-(AS5) characterize (weak) action selectors? This would imply that every (weak) action selector for an exhaustion of (M, ω) fits together to a (weak) action selector for (M, ω). More specifically we ask:
Do σ V , σ HZ and σ PSS agree on Ê 2n , ω 0 ? Does σ PSS agree with σ Oh on weakly exact or semi-positive closed symplectic manifolds?
1.2. A sharp energy capacity inequality. Given a symplectic manifold (M, ω) one can associate to each subset A of M various symplectic invariants.
The Gromov width. The Gromov width of A is defined as
Here, B 2n (r) denotes the open ball in Ê 2n , ω 0 of radius r. The Gromov width, which was introduced by Gromov in [14] , measures the symplectic size of (M, ω) in a geometric way; it corresponds to the injectivity radius of a Riemannian manifold. Darboux's theorem states that every point of a symplectic manifold has an open neighborhood which is symplectomorphic to some ball B 2n (r), and hence c G (A) vanishes only if A has empty interior. 2. Hofer-Zehnder capacities. Hofer-Zehnder capacities, in contrast with the Gromov width, measure the symplectic size of a set from the perspective of Hamiltonian dynamics on this set. We consider two variants. For each subset A ⊂ M let S(A) be the set of simple functions in H(A). We say that a function H ∈ S(A) is HZ-admissible if the flow ϕ t H has no non-constant T -periodic orbit with period T ≤ 1, and as before H ∈ S(A) is HZ
• -admissible if the flow ϕ t H has no non-constant T -periodic orbit with period T ≤ 1 which is contractible in M . Set
Following [21, 22] and [24, 36] , we define the Hofer-Zehnder capacity and the π 1 -sensitive Hofer-Zehnder capacity of A ⊂ (M, ω) as 3. Displacement energy. An invariant with both geometric and dynamical features is the displacement energy introduced in [17, 23] . The Hofer norm H of H ∈ H is defined as
and the displacement energy e(A, M ) = e(A, M, ω) ∈ [0, ∞] is defined as
if A is compact and as
Since the invariants c G , c HZ and c • HZ , and e are defined in different ways, relations between them lead to many applications. It is easy to see that c G (A) ≤ c HZ (A), see e.g. [22] , and it follows from definitions that c HZ (A) ≤ c • HZ (A, M ). In order to compare c • HZ (A, M ) with e(A, M ), we introduce further invariants. Following [37] , we make the Definition 1.6. Assume that (M, ω) admits a weak action selector σ. For each subset A of M the spectral capacities c σ (A, M ) and c σ (A, M ) are defined as
and σ(const ) ≤ const by (AS3). Furthermore, σ(const ) > 0 when const > 0 by (AS2). Now from the continuity of σ (i.e., (AS4)) and since ω (π 2 (M )) is countable, we conclude that σ(const ) ≥ 0 when const ≥ 0. In particular, 0 ≤ σ(0) ≤ 0, i.e., σ(0) = 0. This, together with (AS1), (AS4) and again the fact ω (π 2 (M )) is countable, implies that σ(const ) = const. Note that σ is only a weak action selector and we cannot use here (AS2 + ) from which the required equality would follow immediately.) Since simple Hamiltonians have minimum 0, this argument does not apply to c σ . However, for all closed M for which we know c σ (M, M ), even this capacity is infinite.
The following result, proved in Section 2, is an elaboration of an observation in [12] . Theorem 1. Consider a symplectic manifold (M, ω) and an arbitrary subset [18] , for (Ê 2n , ω 0 ), see also [22, Section 5.5] ; in fact, our axioms for a (weak) action selector are extracted from [22] , and our proof of Theorem 1 closely follows [22] . Later on, the energy-capacity inequality c • HZ (A, M ) ≤ 2 e (A, M ) was established for subsets of weakly exact symplectic manifolds which are closed [36] or convex [8] , and it was pointed out in [12] how to remove the factor 2 in this inequality at least for open manifolds M .
(ii) The energy-capacity inequality c G (A) ≤ 2 e(A, M ) was proved in [23] for every subset A of any symplectic manifold (M, ω). This inequality implies that the Hofer norm on the group of compactly supported Hamiltonian diffeomorphisms is non-degenerate. In view of Corollary 1, it is conceivable that the factor 2 can always be omitted.
3
Let Z 2n (r) be the standard symplectic cylinder B 2 (r)×Ê 2n−2 ⊂ Ê 2n , ω 0 .
Another
1.
3. An estimate for the smallest spectral value. A hypersurface S in (M, ω) is a smooth compact connected orientable codimension 1 submanifold without boundary contained in M \ ∂M . A closed characteristic on S is an embedded circle in S all of whose tangent lines belong to the distinguished line bundle
Denote by P(S) the set of closed characteristics on S, and by P • (S) the set of those closed characteristics on S which are contractible in M . For x ∈ P • (S) let D(x) be the set of smooth discsx : D 2 → M with boundary x. The contractible action spectrum of S is the set
If ω| S = dλ for some 1-form λ on S, the full action spectrum is defined as
Note that Σ(S, λ) is independent of the choice of λ if H 1 (S; Ê) = 0. The sets Σ • (S) and Σ(S, λ) are important collections of numerical invariants of S, see [4, 5] . Here, we are interested in the "smallest" spectral value. If P • (S) or P(S) is non-empty, we define
If (M, ω) is not rational, then α • 1 (S) = 0 for any hypersurface S ⊂ (M, ω) with P • (S) = ∅, and our results for α 1 (S, λ) will deal with hypersurfaces in weakly exact symplectic manifolds. We shall thus assume in this paragraph that (M, ω) is rational. We shall also assume that S is a hypersurface of contact type. This means that there exists a Liouville vector field X which is defined near S and is transverse to S. Equivalently, there exists a contact form λ on S (i.e., a 1-form λ such that dλ = ω| S and λ ∧ (dλ) n−1 is a volume form on S). The equivalence is given by ι X ω = λ. A hypersurface S is said to be of restricted contact type if it is transverse to a Liouville vector field X defined on all of M . The contact form λ = ι X ω is then globally defined and dλ = dι X ω = ω so that (M, ω) is exact. If (M, ω) is exact, then every hypersurface S of contact type with H 1 (S; Ê) = 0 is of restricted contact type. Examples 1.9. 1. Consider a hypersurface S of Ê 2n , ω 0 . It bounds a bounded domain U . Then U is convex =⇒ U is starshaped =⇒ S is of restricted contact type =⇒ S is of contact type.
Examples show that none of these arrows can be inverted, see [2, 16] . 2. Let T * B be the cotangent bundle over a closed base endowed with the symplectic form ω 0 = dλ 0 , where λ 0 = i p i dq i .
(i) Assume that B is endowed with a Riemannian metric. Any regular energy level S c = {H = c} of a classical Hamiltonian H(q, p) = (ii) Assume that S is a hypersurface of contact type in (T * B, ω 0 ) and that dim B ≥ 2. Then Σ(S) = ∅ if the bounded component of T * B \ S contains B, see [19] , and Σ • (S) = ∅ if B is simply connected, [38] .
(iii) Assume that S is a hypersurface in T * B such that for each q ∈ B the intersection S ∩ T * q B bounds a strictly convex domain in T * q B containing 0. Then S is transverse to the Liouville vector field X(q, p) = i p i ∂ ∂p i , and hence S is of restricted contact type. Moreover, there exists a unique Finsler metric F : T B → Ê on B such that S is the unit cosphere bundle {x ∈ T * B | F * (x) = 1}, where F * : T * B → Ê is the "dual norm" in each fiber, defined by
. The projection π : T * B → B induces a bijection between P(S) and the non-empty set of prime geodesics in the Finsler metric F , and the action x λ 0 of x ∈ P(S) equals the F -length of π(x). In particular, α 1 (S, λ 0 ) is the length of the shortest closed F -geodesic on B.
3. Let S be a smoothly embedded loop in the 2-sphere S 2 endowed with an area form. Then S is of contact type, but not of restricted contact type. It bounds two discs of areas a 1 and a 2 , and α • 1 (S) = min (a 1 , a 2 ). 3
The following two propositions seem to be well known; proofs are given for the reader's convenience in Appendix B. ∈ Σ(S, λ) and Σ(S, λ) is closed for any contact form λ on S. Thus, α 1 (S, λ) > 0 if P(S) = ∅. Proposition 1.11. Assume that (M, ω) is a symplectic manifold, and that U ⊂ M is a relatively compact domain whose boundary S is a hypersurface of restricted contact type. If P • (S) = ∅, then
for any globally defined contact form λ.
For a convex bounded domain with smooth boundary in Ê 2n , ω 0 , it holds that α 1 (S) = c HZ (U ), see [21] , and for the full Bordeaux bottle (which is star-shaped) it holds that α 1 (S) < c HZ (U ), see [22, p. 99] .
Open Problem 1.12. Assume that a hypersurface S ⊂ B 4 (1) ⊂ Ê 2n , ω 0 bounds a star-shaped domain U . Then c HZ (U ) ≤ c σ (U ) for any action selector σ for B 4 (1) in view of Theorem 1 (ii). Does equality hold for σ V , σ HZ and σ PSS ? Since it is known that c σ (U ) belongs to Σ • (S) for every monotone action selector σ, the first step toward a solution of this problem would be to see whether c HZ (U ) ∈ Σ • (S).
Our next goal is to find upper bounds of α • 1 (S) for contact type hypersurfaces S which might not be of restricted contact type and which might not bound a domain U . Since the interior of a hypersurface S is empty, c σ (S, M ) = 0. We thus consider the outer spectral capacitŷ Theorem 2. Assume that (M, ω) is a rational symplectic manifold admitting a weak action selector σ, and consider a hypersurface S ⊂ (M, ω) of contact type. Thenĉ σ (S, M ) ≤ e(S, M ), and ifĉ σ (S, M ) < ρ(M, ω), then P • (S) = ∅ and α
Corollary 2.
Assume that an exhaustion of the rational symplectic manifold (M, ω) admits a weak action selector, and consider a hypersurface S of contact type such that e (S, M ) < ρ(M, ω). Then P • (S) = ∅ and α • 1 (S) ≤ e (S, M ).
Remarks 1.13. 1. Again, Theorem 2 and Corollary 2 are sharp: For the circle S ⊂ Ê 2 , ω 0 bounding B 2 (r) we have α • 1 (S) = e(S, Ê 2 ) = πr 2 .
2. Theorem 2 and Corollary 2 establish the Weinstein conjecture for a large class of hypersurfaces of contact type. We refer to [12, 35] for the state of the art of the Weinstein conjecture.
3. Consider a contact hypersurface S in Ê 2n , ω 0 . Then S is contained in a ball of radius Diam(S), where Diam(S) is the diameter of S. Since e B 2n (r), Ê 2n = πr 2 , we find e(S, Ê 2n ) ≤ π Diam(S) 2 , and hence
improving the estimates in [8, 20] . 3
We finally consider a billiard table U ⊂ Ê n with smooth boundary, i.e., U is a bounded domain in Ê n (q) with smooth connected boundary. The length of a billiard trajectory on U is measured with respect to the Euclidean length, and the Euclidean volume is vol(U ). Let D n be the closed unit ball in Ê n (p). Combining a generalization of Corollary 2 with the construction in [40] , we shall obtain the following result of Viterbo, whose proof in [40] uses the fact that U × D n ⊂ Ê 2n , ω 0 can be approximated by domains with boundary of restricted contact type. Proposition 2 (Viterbo). Let U be a bounded domain in Ê n with smooth boundary. Then there exists a periodic billiard trajectory on U of length
where C n is a constant depending only on n. 
The main ingredient in the proof of Theorem 1 is
Proof. We follow the argument in [8, 12, 22, 36] . Given a smooth function
Proof. The Hamiltonian flow of H λ is a reparametrization of the flow of H:
H (x), x ∈ M, Since λ(0) = 0 and λ(1) = 1, this reparametrization gives rise to a oneto-one correspondence between one-periodic orbits of the flows: the orbit x λ ∈ P • H λ corresponds to x ∈ P • (H) when 1] , and according to [22, 36] and [30, Lemma 2.2] , the Lebesgue measure of this set vanishes. In view of (AS4), the map
Utilizing Lemma 2.2, we can assume that H t = 0 for t ∈ [0, 1/2] and K t = 0 for t ∈ [1/2, 1]. With this parametrization,
for all τ ∈ [0, 1] and (t, x) ∈ I × M , and the time-1-flow of τ H#K is the time-1-flow of K followed by the time-1-flow of τ H. Since ϕ K displaces supp τ H = supp H for each τ ∈ (0, 1], it follows that x(0) / ∈ supp τ H for each x ∈ P • (K) and each x ∈ P • (τ H#K), and we conclude that P • (τ H#K) = P • (K). Therefore, Σ • (τ H#K) = Σ • (K) for each τ ∈ [0, 1], and arguing as above we find σ (H#K) = σ(K). The inverse ϕ
Notice that K#K − = 0. Combining this with (AS5), we conclude
Using
and (AS3) we finally obtain
Consider again a symplectic manifold (M, ω) admitting a weak action selector σ, and let A ⊂ M . In order to show that c σ (A, M ) ≤ e(A, M ), we can assume that e (A, M ) < ∞. Fix δ > 0 and choose K ∈ H such that K ≤ e (A, M ) + δ and ϕ K displaces A. In particular, ϕ K displaces supp H for any H ∈ H(I × A). Proposition 2.1 thus yields σ(H) ≤ K ≤ e (A, M ) + δ. Taking the supremum over H ∈ H(I × A), we find c σ (A, M ) ≤ e (A, M ) + δ, and since δ > 0 is arbitrary, the claim follows.
(ii) Assume that σ is an action selector for (M, ω). In order to show that c • HZ (A, M ) ≤ c σ (A, M ), we need to prove that max H ≤ σ(H) for every H ∈ S • HZ (A, M ), and this holds by (AS2 + ). 2
Proof of Theorem 2.
We consider an arbitrary hypersurface S of a symplectic manifold (M, ω). Examples show that Σ • (S) can be empty, see [11, 13] . We therefore follow [20] and consider parametrized neighborhoods of S. Since S is orientable and contained in M \ ∂M , there exists an open neighborhood I of 0 and a smooth diffeomorphism
such that ψ(x, 0) = x for x ∈ S. We call ψ a thickening of S and set S ǫ = ψ (S × {ǫ}).
Theorem 2.3. Assume that (M, ω) is a rational symplectic manifold admitting a weak action selector σ, and consider a hypersurface S of (M, ω).
, then for every thickening ψ of S and every δ > 0 there exists ǫ ∈ [−δ, δ] such that
Proof. By Theorem 1 (i), c σ (U, M ) ≤ e(U, M ) for every open neighborhood U of S, and hence the first claim follows from taking the infimum. In order to prove the second claim, we can assume that δ > 0 is so small that
Let τ ∈ (0, δ) be so small that for the neighborhood U τ = ψ (S × (−τ, τ )) of S we have c σ (U τ , M ) < C. We choose a smooth function f :
By (AS2), we have σ(H) > 0, so that
Lemma 2.4. The orbit x is not constant.
Proof. If x is constant, our choice of H yields H(x) ∈ {0, C}. If H(x) = 0, then
and if H(x) = C, then
Sincex is a sphere, x ω ∈ ρ , and so both (3) and (4) contradict C < ρ. 2
By construction of H and by Lemma 2.4, there exists ǫ ∈ (−τ, τ ) ⊂ [−δ, δ] such that (x,x) ∈P • (S ǫ ) and 0 < f (ǫ) < C and
We conclude that x ω ≤ C, so that α 1 (S ǫ ) <ĉ σ (S, M ) + δ, as claimed. 2 Theorem 2 is an easy consequence of Theorem 2.3; we refer the reader to [8, Section 11] for a detailed argument. Remark 2.5. Assume that S is a hypersurface of contact type bounding a domain U . An obvious modification of the proof of Theorem 2.3 shows that Theorem 2 holds for c σ (U, M ) as well. It is, however, easy to see that
2.3. Proof of Proposition 2. Let U ⊂ Ê n be a bounded domain with smooth boundary, and abbreviate e = e(U × D n , Ê 2n ). We choose a smooth family W t , t ∈ (0, 1], of bounded domains in Ê 2n with smooth boundaries
In view of Theorem 2.3, we can find a sequence t k → 0 such that S t k carries a closed characteristic γ k with γ k λ 0 ≤ e + 1/k. Choose a parametrization
|q k (t)| for a function f k ≥ 1, length(q k ) = We therefore find a subsequence q km converging to a billiard trajectory q on U , see [3] , and length(q) ≤ e. The estimate e ≤ C n (vol(U )) 1/n is proved in [40] . 2 S. Using the flow ϕ t X of X, which exists in a neighborhood of U for small t, we see that a neighborhood of S is symplectomorphic to the thickening (−ǫ, ǫ) × S with coordinates (t, x) and symplectic form (7) ω(t, x) = d ((1 + t)λ(x)) .
Then the Liouville vector field is X(t, x) = (1+t) ∂ ∂t . Set S t = {t}×S. Using (1) and (7), we see that the Hamiltonian vector field X H of H : (−ǫ, ǫ) × S, H(t, x) = t, points along S t and equals the translate of R on S t . Thus, the periodic orbits of the flow of H on S t are exactly the periodic orbits of the Reeb flow on S. Set U t = U ∪ (−t, t) × S. Then U t = ϕ ln(1+t) X (U ), and hence the conformality of the symplectic capacity C • HZ implies that (8) C
• HZ (U t , M ) = (1 + t) C
• HZ (U, M ) .
Step 2. Abbreviate C = C • HZ (U, M ). Arguing by contradiction, we assume that α • 1 (S) > C. Let Σ • (R) be the set of periods of those periodic orbits of the Reeb field R on S which are contractible in M . Since Σ • (S) = Σ • (R), the number α • 1 (S) is the infimum of Σ • (R), and so we find L > 1 such that (9) [0, LC] ∩ Σ • (R) = ∅.
Fix a small δ > 0. Using (9), we find K ∈ F • HZ (U, M ) such that max K = (1 − ǫ − δ) C.
Let F be a smooth function on the shell (−ǫ, 0) × S such that F (x, t) = f (t), where f : (−ǫ, 0) → Ê is a monotone decreasing function such that f (t) = lǫC for t near −ǫ, f (t) = 0 for t near 0, |f ′ (t)| < LC for all t, where l > 1. We extend F to the ambient manifold M in the obvious way: F ≡ lǫC inside the shell and F ≡ 0 outside the shell. By the construction of the thickening (−ǫ, ǫ) × S, by (9) and by the choice of f , the function F belongs to F • HZ (U, M ). Since F ≡ lǫC on the support of K, the Hamiltonian H = K + F also belongs to F • HZ (U, M ). However, max H = (1 − ǫ − δ + lǫ) C.
Since l > 1, we can choose δ > 0 so small that max H > C. This contradicts H ∈ F • HZ (U, M ). 2
Remark B.1. In the above proof, the assumption that S is of restricted contact type was used only to obtain identity (8) . If S is a hypersurface of contact type bounding U such that the functions t → c • HZ (U t , M ) and t → c HZ (U t ) are 1-Lipschitz at 0, then Proposition 1.11 still holds for S.
